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F d = 3 + 1

Hj1j2j3j4 ≡
4
⊗
i=1

Hji, H⊥ ≡ ⊕
{J}

H0
{J},

{J} H0
{J}

n Hn Hn−1

n K φ : Kn−1 → Hn−1

d ≡ 2j + 1
q

q
(SG) Γ SG

g1, ..., gn g′1, ..., g
′
m f : Γ → SG

f (gj) =
∑m

i=1 (−1)iλijg
′
i λij

−1 K SG

q (q + 1) (x0, x1, ..., xq)
σq(K) α(x0, x1, ..., xq) SG

α : Cq(K) → SG Cq(K)

V e1, e2, ..., en V × V
a b S ei = PiPi+1 P1 = a, Pn+1 = b

e1+ e1 · · ·+ en
g ∈ Γ

α1e1 + α2e2 + · · ·αnen → α1ge1 + α2ge2 +
· · ·αngen Γ ∂gn = g∂n

gZn (S;R) = Zn (S;R) = ∂n : Cn (S;R) → Cn−1 (S;R) ,
gBn (S;R) = Bn (S;R) = ∂n : Cn+1 (S;R) → Cn (S;R) ,

Γ

Γ Hn (S;R) = Zn(S;R)
Bn(S;R) V

V ⊆ Hn (S;R) Γ Γ gV = V, ∀g ∈ Γ
Γ

Γ S ⊆ Γ S̄ S
A = S � S̄ G = G(Γ, S)

g, h ∈ VG VG ⊂ Γ A

(g, h ∈ VG) =

{
1, if −1h ∈ A
0, otherwise.
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g ∈ Γ a ∈ A g ga
g ga a

g, h ⊆ Γ α ⊆ VG ga hb
ga = x0, x1, ..., xn = hb α d (xi, xi+1) � 1, ∀i

i gi ∈ VG α : [a, b] → [0, 1] . (M,d)
I ⊆
γ : I → {M | d (γ (t) , γ (τ)) = |t− τ | , ∀(t, τ) ∈ I} . γ : [a, b] → M

sup

{
n∑

i=1

d (γ (ti−1) , γ (ti))| a = t0 < t1 < · · · < tn = b

}
.

Xσ Xσ′ X σ, σ′

X γi : Xσσ′ → Xγ γj : Xγ → X
hγ : Π (Xγ) → Λ

hσ′Π(iσ′) = hσΠ(iσ) γ
λ : Π (X) → Λ hσ′ = λΠ(jσ′) , hσ = λΠ(jσ)

Π (Xσσ′)
Π(iσ)−−−→ Π(Xσ)

Π (iσ′)
�

� Π(jσ)

Π (Xσ′) Π(j
σ′ )−−−−→ Π(X)

Xσ ⊃ Xσσ′ ⊂ Xσ′ .
γ : [a, b] → X [γ] Π (Xγ) γ (a) γ (b)

α : [a, b] → [0, 1] a = t0 < t1 < · · · <
tn = b γ [γ |[ti, ti+1] ] γ : I → X
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σ : {0, ..., n} → {0, 1}| γ ([ti, ti+1]) ⊂ X(σi),
0 = t0 < t1 < · · · < tn+1 = 1 [γ |[ti, ti+1] ] ⊂ X(σi), i = 0, ..., n
[γ |[ti, ti+1] ] γi Xγi

,

[γ] = Π
(
σγ(n)

)
[γn] ◦ · · · ◦Π

(
σγ(0)

)
[γ0] .

λ λ [γ] = hγ(n) [γn] ◦ · · · ◦ hγ(0) [γ0]

h : (K → X a b
(K3) a = (000) b = (111)

hγ(0) hγ(1) h
K

σi ∈ K3, i = 1, ..., 4

σ1 ∩ σ2 = {{a, b}} → {|000〉 , |001〉 , |110〉 − |111〉} ,
σ4 ∩ σ1 = {{c, a}} → {|000〉 , |101〉 , |010〉 − |111〉} ,
σ3 ∩ σ4 =

{{
a, b′

}}
→ {|000〉 , |110〉 , |001〉 − |111〉} ,

σ2 ∩ σ3 =
{{

c′, a
}}

→ {|000〉 , |010〉 , |101〉 − |111〉} .

X Xσ, Xσ′

X Xσ, Xσ′ Xσσ′ = Xσ ∩ Xσ′

([15, 16]) K0 K1 K
σ0 ∈ K0, σ1 ∈ K1 X

γi : K01 = K0 ∩K1 → Kγ γj : Kγ → X K0,K1,K01
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X Xσ, Xσ′ Xσσ′ = Xσ ∩ Xσ′

([15, 16]) K0 K1 K
σ0 ∈ K0, σ1 ∈ K1 X

γi : K01 = K0 ∩K1 → Kγ γj : Kγ → X K0,K1,K01

∗ ∈ K01

π1 (K01, ∗)
π(i1∗)−−−−→ π1 (K1, ∗)

π1 (i0∗)
�

� π1 (j1∗)

π1 (K0, ∗) π1(j0∗)−−−−→ π1 (X, ∗)

K0 ⊃ K01 ⊂ K1

K z ∈ K z = ∗
r : Π (K) → π1 (K, z) z

z ∈ K z = uyαu
−1
x α x → y

Π(K0) ←− Π(K01) −→ Π(K1)

�r1
�r01

�r0

π1 (K0, ∗) ←− π1 (K01, ∗) −→ π1 (K1, ∗).
K 01,K0,K1 X z = ∗

Π(X)
Π (K0) Π (K1) π1 (X, ∗)

j0∗ j1∗

σX σZ

SG n gi
xi

VG G (Γ (VG) , A) → (SG, ·)
xi ∈ VG

gi = σi
Xσij

Z gi |G〉 = |G〉 , ∀i = 1, ..., n. gi n
SG |G〉

SG 2n

|G〉 =
{

2n∑
i=1

αi |xi〉 =
∑
i

αiS
i
G |xi〉,

∑
i

|αi|2 =1

}
.

SG n − k g1, ..., gn−k

g2i = I
SG Sk = gα1

1 · · · gαn−k

n−k , k ∈
SG, αi ∈ {0, 1} , i = 1, ..., n−k S ⊆ Gn Gn

n
n Sk = {I,X, Y, Z}
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I =

(
0 1
1 0

)
, X ≡ σX =

(
0 1
1 0

)
, Y ≡ σY =

(
0 i
i 0

)
Z ≡ σZ =

(
1 0
0

)

k = 1, ..., n S1, S2, ..., Sk n
(
C2

)⊗n
).

S {σi}i=X,Y,Z {I,X}⊗n {σi}i=X,Y,Z {I, Z}⊗n

[σiσj ] = 2iεijkσk {σiσj} = 2δij I
X Z

{I,X} {I, Z}
F2

Fn
2




0 0 0
1 0 0
0 1 0
0 0 1
1 1 0
1 0 1
0 1 1
1 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0
0 0 1
0 0 1
1 1 0
0 0 0
1 1 1
1 1 1
1 1 0




{a, b, c} a + b � c =
2k, a + c � b = 2k, b + c � a = 2k n = 3
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{a, b, c} a + b � c =
2k, a + c � b = 2k, b + c � a = 2k n = 3

(1) {{a} , {b} , {c}} → {|000〉} ,
(2) {{a}} → {|000〉 , |001〉 , |010〉 ,− |011〉} ,
(3) {{c}} → {|000〉 , |100〉 , |001〉 ,− |101〉} ,
(4) {{b}} → {|000〉 , |010〉 , |100〉 ,− |110〉} ,
(5) {{a, c}} → {|000〉 , |010〉 , |101〉 , |111〉} ,
(6) {{b, c}} → {|000〉 , |100〉 , |011〉 , |111〉} ,
(7) {{a, b}} → {|000〉 , |001〉 , |110〉 , |111〉} ,
(8) {{a, b, c}} → {|100〉 , |010〉 , |001〉 ,− |111〉} ,

VS = {|000〉 , |111〉}
S = {I, Z1Z2, Z2Z3, Z1Z3} , I = (Z1Z2)

2
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