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Abstract: In this paper we have examined the ionization of the ground state hydrogen atom in a spherical box with
laser pulses of specific shapes. These shapes are predicted assuming correspondence under some condi-
tions with the alternating kicking field. Unusually kicked dynamics is suggested. It is shown that such kicked
dynamics leads to generalized Rabi oscillations with the positive energy states included and participation
of the excited states. The correspondence with the real pulse is established emphasizing such unusually
kicked dynamics. The approach is verified on the one-dimensional (1D) hydrogen atom and calculation of
the known results for ionization probability.
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1. Introduction

Interest in a hydrogen atom confined within an impen-etrable spherical box has been present from the time ofthe beginning of quantum mechanics to the most recentinvestigations. During this time many different models ofthe confined atom with different forms of confinement havebeen proposed. The atomic nucleus is placed in the centeror somewhere off of the center of symmetry of the confiningboundary, with different geometric forms and dimensionsof the boxes, mainly dependent on the application in thecorresponding physical situation [1]. In particular, ”the
∗E-mail: dmasovic@vinca.rs

atom confined in a spherical box” is a useful model forsimulating the effect of neighboring atoms in many phys-ical situations. In this manner the interaction of an atomwith surrounding atoms, assuming uniformity, is replacedwith a sphere in which the considered atom is enclosed [2].
On the other hand, in treating atomic dispersion pro-cesses, for example induced by laser fields, the appro-priate calculations involve summation over bound eigen-states and integration over unbound eigenstates of theatomic Hamiltonian. The unbound states form a contin-uum. The treatment of the continuous part of the spectrumis a difficult task and motivates one to seek a method fora discretization of the continuum. Various methods havebeen proposed (see the short survey in Ref. [3]). The sim-ple version of confinement with the atom placed in thecenter of a spherical box seems the most appropriate for
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considering dispersion processes and discretization of thecontinuum. It provides a finite number of wave functionsmutually orthogonal and orthogonal to the negative en-ergy states ( ground and excited ). Notice that all of theatomic states are now bound by virtue of impenetrableconfinement. Thus, the calculation is simplified and esti-mation of the “continuum” contribution in the process canbe obtained. Here we assume that the atomic structure isnot disturbed by the laser field.First, we will give some shortcomings of the one of theutilized methods which includes discretization of the con-tinuum. In the study of ionization of highly excited (Ryd-berg) atoms by a train of unidirectional or non-alternatingelectric field pulses, termed half-cycle pulses (HCPs) [4],the numerical solution of the time-dependent Schrödingerequation is based on an expansion of the electron wavefunction in a finite basis set of Sturmian functions [5]. Foran electron in an atom, calculation with a Sturmian ba-sis set with number of basis states Nmax assumes solutionof the generalized eigenvalue problem with Nmax × Nmaxmatrices and numerical integrations in order to obtainthe appropriate matrix elements. The calculation gives apure discrete spectrum with continuum and bound eigen-functions. An example is shown in [4] for the continuum,where Nmax = 1540 is used in order to obtain agree-ment with the exact wave function over the box with theradius R =300 a.u. Furthermore, the Sturmian functionsdepend on the free parameter λ (each value of λ providesa different complete set). Thus, the questions are: (i) howlarge should the basis set be, and (ii) what value should
λ take in order to get an accurate result with the small-est basis set. The answers are given in [4] but in generalthey are accomplished with a lot of tests and need highperformance computers.The problem of an atom subject to a train of HCPs pulseswhose duration is short compared with the orbital pe-riod of a classical electron (Rydberg states) are exten-sively treated both experimentally and theoretically [6].
δ-shaped pulses (kicks) are a widely used approximation(the sudden approximation [4]) for the electric filed.A kicked hydrogen atom initially in the ground state isconsidered in Ref. [7]. Here, the one half-period of theelectric field is substituted by a single δ kick resultingin an alternating kicking pulse and in this approximationionization in an ultra strong laser filed is considered. Inthe a recent paper [8] the ionization probability for a hy-drogen atom in the limit of very short electric field pulsesis investigated. It is shown that for a one-cycle pulse theionization caused by the first half-cycle is reversed bythe second (recombination occurs), giving Rabi floppinginvolving the continuum. Thus, in this paper we explorethe possibility for generalized Rabi oscillations with the

positive energy states included and participation of theexcited states during the total pulse duration assumingspecific, proposed shapes of laser pulses on the basis ofestablished kick dynamics.The atomic units h̄ = µ = e = 1 are used through thepaper, where h̄ is Planck’s contant and µ and e are theelectron mass and charge, respectively.The organization of the rest of the paper is as follows.In Sec. 2 the model of a hydrogen atom in a sphericalbox is presented. In Sec. 3 we consider the ionizationof a ground state hydrogen atom. The verification of themethod is given in Sec. 4 and the conclusions in Sec. 5.
2. Hydrogen atom in spherical box
The simplest way to introduce discretization in the con-tinuum assumes the strong field approximation (SFA) andthe free spherical waves [9]:

Ψklm(r, θ, φ) = Rkl(r)Y m
l (θ, φ) =√2k2

π jl(kr)Y m
l (θ, φ),(1)where l and m are the orbital angular and magnetic quan-tum numbers, respectively and (r, θ, φ) are spherical po-lar coordinates. The radial part jl is the spherical Besselfunction and the spherical harmonics Y m

l provide the an-gular part of the wave functions. k is given by E = h̄2k22µ ,where E is the electron energy. The impenetrable spher-ical box of the radius a imposes the boundary condition
jl(ka) = 0, (2)

and as solutions the set {knl}, n=1,2,3… is obtained forthe given l value.In framework of the SFA it is assumed that we have a freeelectron with well-defined momentum h̄k and the Coulombinteraction with the parent ion is completely neglected.But the effect of the Coulomb potential has many man-ifestations in ionization of hydrogen atom irradiated byan intense laser field [10]. Thus, it is more reasonable tosuppose instead of (1) the exact continuum function [11]
Rkl(r) =√ 2

π e
πZ2k | Γ(l+ 1− i Zk ) |(2l+ 1)! (2kr)le−ikr
M
(1 + l+ iZk , 2l+ 2, 2ikr) , (3)

where for hydrogen Z = 1, M is the confluent hypergeo-metric function and k > 0.
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In the spherical box with the nucleus in the center we cantake (3) in the form
ukl(r) = rRkl(r) = Ckl Fl

(
−Zk , kr

)
, (4)

where Fl is the regular Coulomb wave function and Ckl isthe normalization constant. We use the COULFG programfor calculation the regular Coulomb wave function with dif-ferent values of the parameters ACCUR and ABORT thanthe ones given in [12]. Note that the most recent pro-gram for computing hydrogenic continuum wave functionsis now available [13].Assuming that the radius a is large enough, we obtain thesame low energy part of the negative spectrum as for thefree hydrogen atom. For the positive energy states, theset {knl} are the solutions of the following equation
Fl
(
−Zk , ka

) = 0, (5)
in the range [kmin, kmax] for the given l. The low en-ergy part of the positive energy states corresponding to[0, kmin] is neglected, and, similarly, the Sturmian basisis not adequate for describing in this range [14].For k → 0 the limiting form of Fl(− Z

k , ka) in (5) mustbe considered [15]. In order to avoid it, an estimation for
kmin is required and Emin ≥ 5 · 10−9 a.u. was suggestedin [12]. Thus, we have tested our modified program downto Emin ∼ 10−10 a.u. Similarly, the limit ka→∞ assumesan asymptotic expansion for Fl(− Z

k , ka) and therefore thecondition kmaxa ≤ 104 is imposed in [12].Here, we assume that Emin = 0.00125 a.u. and Emax =0.3 a.u. are quite enough for further considerations. In afollowing Section we check our estimation.Additionally, expansion of ukl(r) in terms of Bessel func-tions [16]:
ukl(r) = C

∞∑
i=l bi(k)√rJi+ 12 (kr), (6)

can be very useful in applications, assuming finite kr.Such kinds of expansion are also attractive for mathe-maticians [15, 17]. Similarly, expansion of the continuumfunctions in terms of a Laguerre basis starting from the pa-per of Yamani and Reinhardt [18] have been the subject ofa considerable number of studies (see for example [19, 20]).Now, completeness assumes
∑
j
| j〉〈j |≈ 1, (7)

where in the sum both negative and positive energy statesof the atomic Hamiltonian are included. In (7) the upperpart of excited states and the lower part of positive en-ergy states are neglected. In recent papers [21, 22], anatom in a cavity is of interest with respect to the electronscattering. In particular, for a hydrogen atom [22] s-wavescattering is considered and the phase shift is given by
δα0 = −kαa+ απ, (8)

where the kα are obtained calculating positive orbital en-ergies for the given a.In our case in the limit ρ = kr →∞

Fl ∼ sin(ρ − lπ2 − η ln 2ρ + σl
)
, (9)

where σl is the Coulomb phase shift [16]. Thus, we obtainfor partial phase shift
δl = −η ln 2ρ + σl. (10)

For l = 0⇒ δ0 = δ0(kn0) = δn00 in (10), where kn0 are thesolutions of (5), formulas (10) and (8) are in agreementassuming kn0a→∞.
3. Ionization of hydrogen atom
The ionization of the ground state of the hydrogen atom byan electric field pulse in sinusoidal form featured througha sine-squared envelope is a well-known problem. As-sumption of a spherical box and discretization of con-tinuum was first performed in [23] and then in [24, 25].Within the framework of this approach only the positiveenergy wave functions which vanish at the end of chosenbox are distinguished and normalized. Then, the eigendif-ferential method [26] is applied and they are grouped intosmaller sets. From each set the resulting basis functionis formed [24]

ūkil(r) = 1√2N + 1
i+N∑
j=i−N ukj l(r) (11)

and included in expansion. The advantage of such coarsegraining is that the number of basis set wave functions isreduced by a factor 2N + 1 while the boundary conditionis maintained.Now, we will consider a hydrogen atom in an alternatingkicking field
F (t) = F0T

[
δ
(
t − T4

)
− δ

(
t − 3T4

)]
, (12)
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for 0 ≤ t ≤ T , where F0 is the strength of the field inthe z direction,T is the period, and ω = 2π
T is the angularfrequency. The one-period dynamics is given by evolutionoperator

U(T ) = e− i
h̄H0 T4 e i

h̄∆pze− i
h̄H0 T2 e− i

h̄∆pze− i
h̄H0 T4 , (13)

where ∆p = eF0T is the kick strength. The transitionprobability is
Pif (T ) =| 〈f | U(T ) | i〉 |2, (14)

where i is the initial (1s) and f the final state of atomicHamiltonian. The ionization probability is
Pion = 1−∑

b

Pib, (15)
where b corresponds to the negative energy states.In order to calculate (14) and (15) we use (6) and obtain
Pif (T ) =|∑

j
e−i

TEj2h̄ 〈f | ei ∆p
h̄ z | j〉〈j | e−i

∆p
h̄ z | i〉 |2, (16)

where Ej is the electron energy. In (16) for the magneticquantum number m = 0 is used and it is constant withrespect to the cylindrical symmetry in the field. Now,we are in the position to estimate all possible negative-negative, negative-positive and positive-positive contribu-tions in (16) assuming two different values a = 200 and1000 a.u.In order to determine the low part of the negative energystates for the given value a we compare the followingintegrals
I1 = ∫ a

0 F 2
nl(r)dr I2 = ∫ 2a

0 F 2
nl(r)dr, (17)

where
Fnl(r) = e− Zr

n rl+1L2l+1
n−l−1

(2Zr
n

) (18)
corresponds to the exact unnormalized hydrogenic ra-dial function, n is the principal quantum number, and
L2l+1
n−l−1 are the associated Laguerre polynomials. Only
l = 0, 1 and 2 values are considered. Then, for a = 200we obtain the following results

1 ≤ n ≤ 6 → I1 = I2
n = 7 → I1 ∼= I27 < n ≤ 10 → I1 ≈ I2,

and for a = 1000
1 ≤ n ≤ 18 → I1 = I2 or I1 ∼= I2.

It means that use of the max n = 10 is acceptable for bothof the a values.Thus, (16) may be written as
Pif (T ) = |∑

b

e−i
TEb2h̄ 〈f | A+ | b〉〈b | A | i〉+∑

c
e−i

TEc2h̄ 〈f | A+ | c〉〈c | A | i〉 |2, (19)
where A = e−i

∆p
h̄ z and c corresponds to the positive energystates. First, for f → c, we compare

P1
ic(T ) =|∑

b

e−i
TEb2h̄ 〈c | A+ | b〉〈b | A | i〉 |2, (20)

and
P2
ic(T ) =|∑

c
e−i

TEc2h̄ 〈c | A+ | c〈〉c | A | i〉 |2 . (21)
It gives P2

ic = O(P1
ic) and the positive-positive part isneglected. Similarly, for f → b, we compare

P1
ib(T ) = |∑

b

e−i
TEb2h̄ 〈b | A+ | b〉〈b | A | i〉+∑

c
e−i

TEc2h̄ 〈b | A+ | c〉〈c | A | i〉 |2, (22)
and

P2
ib(T ) =|∑

b

e−i
TEb2h̄ 〈b | A+ | b〉〈b | A | i〉 |2 . (23)

The difference is neglected and we can definitively acceptfor completeness
∑
b

| b〉〈b |∼ 1, (24)
as a reasonable approximation.We calculated the transition probability Pib(T ) assum-ing (24) for a few values of ω and F0. We always ob-tain the maximum of Pib(T ) for the ground state. It isdecreasing function of n. This is also confirmed in themost extensively examined example where Pib(T ) is cal-culated according to (7) for a = 1000 a.u.,1 ≤ n ≤ 12,
ω = 0.375 a.u., and F0 = 0.02 a.u. Thus, we concluded
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that for the low part of the negative energy states wecan assume that only the free hydrogen atom states with1 ≤ n ≤ 10 and l = 0, 1, 2 are included in (24).In the previous example we tested our estimation for Eminand Emax from Sec. 2. In this case the total probability iscalculated according to
Ptot =∑

b

Pib(T ) +∑
c
Pic(T ). (25)

The first term in (25) gives 0.903 for probability. Noticethat the second term assumes summations over l (up to2) and allowed k values in [kmin, kmax ]. The calculation ofthis term needs extensive computational time and there-fore it is restricted to the segments of allowed k valuesin [kmin, kmax ] with distinct probabilities. Thus, we obtain
Ptot = 0.97 which is enough for confirmation. Furtherinclusion of k < kmin and k > kmax seems unnecessary.In order to calculate the probabilities for
U(2T ), U(3T ), . . . the inclusion of (24) between theexponential operators is multiplied and after 3T calcu-lation is virtually impossible for us, and needs enormouscomputational time. Therefore, a different approach isappropriate. Assuming

| ψ1〉 = U(T ) | i〉, (26)
then

| ψ2〉 = U(T ) | ψ1〉 (27)
is obtained from the known 〈b | ψ1〉 = ψ1

b and so on,similarly as in Ref. [27] for the exponential split operatormethod. The computational time is drastically reducedand the results are in the full agreement with the previous.However, in either case the closure (24) is always presentand the question arises as to how we can estimate theaccuracy of the results.
Test 1We consider (13) introducing an arbitrary time delay φ0between the kicks. Then, the evolution operator is

U(1) = e− i
h̄H0 T4 e i

h̄ pze− i
h̄H0( T2 +φ0)e− i

h̄ pze− i
h̄H0 T4 , (28)

where p = eF0T . It can be simply shown that for φ0 = − T2we must have Pion = 0 assuming ”ideal” completeness.But, for ω = 0.6 a.u. we obtain the following results:
F0 = 0.04 a.u. → Pion = 0.10
F0 = 0.08 a.u. → Pion = 0.42

as ”zero” values. The results are confirmed for a =1000 a.u. and maximum value of the principal quantumnumber n = 14. It means that any changes after one-period dynamics less or equal than ”zero” are meaning-less. For example, for F0 = 0.04 a.u. we calculated Pionfor φ0 = − T8 , T4 and T2 . Thus, we obtain 0.16, 0.21 and0.19, respectively. All the results are above the ”zero”value.
Test 2We examine the U(2) dynamics in a similar way introduc-ing arbitrary time delays φ1 and ξ1. Therefore,

U(2) =e− i
h̄H0 T4 e i

h̄ pze− i
h̄H0( T2 +ξ1)e− i

h̄ pze− i
h̄H0( T4 +φ1)

e− i
h̄H0 T4 e i

h̄ pze− i
h̄H0 T2 e− i

h̄ pze− i
h̄H0 T4 , (29)

and taking φ1 = − T2 , (29) is reduced to
U(2) = e− i

h̄H0 T4 e i
h̄ pze− i

h̄H0( T2 +ξ1)e− i
h̄H0 T2 e− i

h̄ pze− i
h̄H0 T4(30)and for ξ1 = −T to

U(2) = e− i
h̄H0 T2 . (31)

The expectation is Pion = 0, but in calculation for ω =0.6a.u. and F0 = 0.04a.u. we obtain Pion = 0.30. This isthe ”zero” value for two-period dynamics. Evidently, withmultiplicative application of (3.14) the error is increased.We calculated the ionization probability for many differ-ent, physical acceptable values φ1andξ1. The changes arealways inside of ”zero” value. Thus, it is desirable to stayin essentially one-period dynamics.The results in Test 2 have been checked with calculationsbased on two different approaches. Full agreement is al-ways present.Let us consider
Ū(nT ) = e− i

h̄H0 nT4 e i
h̄∆pze− i

h̄H0 nT2 e− i
h̄∆pze− i

h̄H0 nT4 . (32)
We obtain (32) by replacing in (13) T → nT and F0 →
F0
n ⇒ ∆p = eF0T = const.Then, for the transition probability in (14) we have
Pif (T )→ Pif (nT ).How do the dynamics look according to Ū(nT )?Suppose that we have an unknown (for now) pulse withan electric field E(t). Then, for n = 1, Ū(T ) recognizes itas in (12) during the time [0, T ] assuming

1
T

∫ T2
0 E(t)dt = F0, 1

T

∫ T

T2
E(t)dt = −F0. (33)
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Looking at n = 2 , T → 2T , F0 → F02 , and (12) becomes
F (t) = F0T

[
δ
(
t − T2

)
− δ

(
t − 3T2

)]
. (34)

This means Ū(2T ) recognizes the unknown pulse as in(34) during the time [0, 2T ] assuming
12T
∫ T

0 E(t)dt = F02 , 12T
∫ 2T
T

E(t)dt = −F02 , (35)
and so on. We will determine the unknown pulse from theconditions (33), (35),…Let the total pulse duration be 2τ and E(t) defined in theinterval (−τ, τ). Then, the expansion in a Fourier seriesis

E(t) = a02 + N∑
n=1
(
an cos πntτ + bn sin πntτ )

. (36)
It satisfies [28] ∫ τ

−τ
E(t)dt = 0, (37)

giving a0 = 0. We have E(−t) = −E(−t)⇒ an = 0 and
E(−τ) = E(τ) = 0 (38)

at the ends of the pulse. Note, from (33) it follows that
1
T

∫ T

0 E(t)dt = 0, (39)
contrary to the condition in (35). Therefore, to avoid con-tradictions we modified (33) and (35)

1
T

∫ T2 +ε
0 E(t)dt = F0 1

T

∫ T

T2 +ε E(t)dt = −F0, (40)
12T
∫ T+ε

0 E(t)dt = F02 12T
∫ 2T
T+ε E(t)dt = −F02 , (41)

with ε small. Assuming for the pulse τ = MT , the problemis reduced to the solution of N×N linear equations, where
N = 2M .Thus, the solutions bn in (3.26) depend on the parameter ε.We examined the ε dependence for M = 2, F0 = 0.04 a.u.,
ω = 0.6 a.u. and the values ε = 0.01, 0.1, 0.5, 1 and 2 a.u.A remarkable decrease of E(t) is visible: from max E(t) ∼60 a.u.(ε = 0.01 a.u.) to max E(t) ∼ 0.3a.u.(ε = 2a.u.).For example, the result is shown in Fig. 1 for ε = 0.1 a.u.

Figure 1. The form of the pulse for ω = 0.6 a.u., F0 = 0.04 a.u.,
M = 2 and ε = 0.1 a.u.

The total pulse duration is 1 fs and femtosecond pulseshaping is possible [29].We calculated the ionization probability Pion(nT ) assum-ing kick dynamics Ū(nT ) in (32) for F0 = 0.04 and0.08 a.u. The results are shown in Fig. 2 and Fig. 3,respectively, and they are above ”zero” values. The cor-responding fits are in the form
Pion = c1 + c2 · sin2 (ωR2 t

)
, (42)

where
ωR ∼

0.99
π ω, (43)providing the evidence for what we have called generalizedRabi oscillations. It seems more appropriate than ”Rabiflopping involving the continuum” [8] since here, besidesinclusion of the positive energy states, the excited statesalso participate in the process.To support this assertion we calculated the transitionprobability Pif for some of the t/T values assuming f → c.The results for a = 200 a.u. are shown in Fig. 4 andFig. 5 for orbital quantum numbers l = 1 and 2, respec-tively. They show the probability for one-photon absorp-tion (h̄ω = 16.3 eV) as the minimum required for ioniza-tion. The oscillations are clearly visible. The results inFigs. 4 and 5 were checked for a = 1000 a.u. The shapesof the probability functions are unchanged, meaning thatthe results are independent of a.

4. Verification of the method
In order to verify the method we consider a 1D hydro-gen atom in the external field E(t) given by (36). The
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Figure 2. Ionization probability for ω = 0.6 a.u. and F0 = 0.04 a.u.

Figure 3. Ionization probability for ω = 0.6 a.u. and F0 = 0.08 a.u.

appropriate Hamiltonian in the length gauge is
H = −12 ∂2

∂x2 + V (x) + xE(t) = H0 + xE(t), (44)
where H0 is the ”unperturbed” part and for V (x) we takesoft-core potential [30]

V (x) = − 1√1 + x2 , (45)
with impenetrable box conditions at x = −a and x = a.We use the first-order sympletic scheme [31] to findthe eigenvaluesE0, E1, E2, ... of H0 and the correspond-ing eigenvectors. Assumption of the soft-core potential

Figure 4. Transition probability Pif , f corresponds to the positive en-
ergy states; l = 1, ω = 0.6 a.u., F0 = 0.04 a.u. and
a = 200 a.u.; a t

T = 13 Pion = 0.128; b t
T =14 Pion = 0.200; c t

T = 15 Pion = 0.187; d
t
T = 16 Pion = 0.124

Figure 5. Transition probability Pif , f corresponds to the positive
energy states; l = 2, ω = 0.6 a.u., F0 = 0.04 a.u. and
a = 200 a.u. For a, b, c, and d the same as in Fig. 4.

in (45) has the advantage that parity is a good quantumnumber. Thus, the eigenstates so obtained can be eithereven or odd. A grid of x points with ∆x = a/1000, where
a = 100 a.u., makes it possible to calculate the energies
E given in Table I in Ref. [30] with the same accuracy.Then, with the time step ∆t = 0.08 a.u. the appropriatewave functions assuming the interaction term in (44) arecarried out according to the standard Crank-Nicholson al-
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Figure 6. Ionization probability for ω = 0.8 a.u. and F0 = 0.04 a.u.
The fit is also shown.

gorithm [30]
ψ(t + ∆t) = [1− i∆t2 H

(
t + ∆t2

)]
·[1 + i∆t2 H

(
t + ∆t2

)]−1
ψ(t), (46)

from t = 0 up to the desired time.In the following we will assume ω = 0.8 a.u. for theone-photon absorption,
Ei + ω = 0.1302 a.u., (47)

and the hydrogen atom is initially in the ground state
i. Then we calculated the ionization probability Pion(nT )with kick dynamics Ū(nT ) for F0 = 0.04 a.u. The resultsare shown in Fig. 6 and they are above the ”zero” value0.055. The appropriate angular Rabi frequency is

ωR ∼
0.75
π ω, (48)

and TR ∼ 32.9 a.u. For the electric field pulse we take
M = 2 and the total pulse duration is 2τ = 31.4 a.u.Thus, we can estimate

TR ∼ 2τ ∼ 32 a.u. (49)
This can be useful in order to follow oscillations in theprobability.First, we examined the case where the parameter ε =0.1 a.u. The form of the pulse is similar to that in Fig. 1.The obtained results for the probability

Pii(t) =| 〈i | ψi(t)〉 |2, (50)

Figure 7. Dependence of probability Pii(t) for pulse with ω =0.8 a.u. and ε = 0.1 a.u.

Figure 8. The form of the pulse for ω = 0.8 a.u., F0 = 0.04 a.u.,
M = 2 and ε = 3 a.u.

are shown in Fig. 7. It is obvious that there are no os-cillations in either Pii(t) or in the ionization probability,assuming a pulse with ultra strong electric field.However, let us consider the case with ε = 3 a.u. Theappropriate form of the pulse is shown in Fig. 8 and theresults for 1 − Pii(t) are given in Fig. 9. Now we havealmost symmetrical behaviour in 1−Pii(t) for t ∼ TR . Theionization probability is calculated according to
Pion(t) ∼ 1− [Pii(t) + N∑

n=1 Pin(t)], (51)
where

Pin(t) =| 〈i | ψn(t)〉 |2 (52)and assuming a finite number of excited states N in (51).In these calculations we used at minimum N = 4. How-ever, we observed negligible changes in Pion(t) up to
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Figure 9. Dependence of probability 1 − Pii(t) for pulse with ε =3 a.u.

N = 7. The results for the ionization probability areshown in Fig. 10. The oscillations can be distinguishedand the period TR is clearly visible. Similar results are ob-tained for the parameter ε = 2 a.u. In addition, since theionization probability for ε = 3 a.u. shows many features,this is a good opportunity to check the approximation (11).Thus, we considered the first three positive energies witheven parity corresponding to the ”continuum”:
ε1 = 0.0003 a.u.,
ε3 = 0.0076 a.u.,
ε5 = 0.0162 a.u.Then, according to (11), ε1,3,5 can be represented as anarrow band with the appropriate even wave function. Thisis shown in Fig. 11. Then, we calculated the transitionprobability

Pic(t) = Piε1 (t) + Piε3 (t) + Piε5 (t) (53)
and compared it with Pic(t) corresponding to (11). Theresults are shown in Fig. 12. It is clear that all ofthe features in the probability are quite well reproducedwith (11).In order to verify further the approach we calculated theionization probability assuming the electric field pulse

E(t) = E0 sin2 ( t
τ
π2 ) sinωt, (54)

as in Geltman’s paper [23]. Thus, the appropriate one-period evolution operator for the kicking field is
Ū(nT ) = e− i

h̄H0 nT4 e i
h̄ p̄nze− i

h̄H0 nT2 e− i
h̄ pnze− i

h̄H0 nT4 , (55)

Figure 10. Ionization probability for ε = 3a.u.

Figure 11. Comparison of the wave function corresponding to ε3 (a)
with the one obtained with (11) (b).

Figure 12. Comparison of the transition probability (53) (a) with the
one calculated with (11) (b).
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Figure 13. The ionization probabilities for different M values are
shown. They can be compared with the appropriate data
in Ref. [23] for E0 = 1 a.u. and ω = 0.55 a.u.

where pn = eFnT and p̄n = eF ′nT . The Fn and F ′n areobtained from
1
T

∫ n T2
0 E(t)dt = Fn,

1
T

∫ nT

n T2
E(t)dt = −F ′n, (56)

for n = 1, 2, ...,M . The results for E0 = 1 a.u., ω =0.55 a.u. and different M values are given in Fig. 13.They can be compared with the appropriate data givenin Ref. [23]. We would like to stress that in the compari-son a pulse having integer ωτ2π is assumed. Thus, we havegood agreement with Geltman but in our case the oscil-lations in the ionization probability appear. The analysisof Pif (nT ) and Pif (T ) in (14) shows that oscillations areintrinsic to the model with unusual kicked dynamics andin this aspect they are artificial. In this approach we usethis fact in order to predict a real pulse with a similareffect in ionization probability.In Ref. [23] an electric field pulse in the form
E(t) = E0 sin2 ( t

τ
π2 ) cosωt, (57)

is also considered. By simple analysis it can be shownthat this form is not appropriate for our approach. There-fore, we compare (54) and (57) for ωτ2π = 1. In the firstcase (sin term) we have E(τ) = 0 and
12τ
∫ τ

0 E(t)dt = − 12τ
∫ 2τ
τ

E(t)dt 6= 0. (58)
In the second case (cos term) we have E(τ) 6= 0 and

12τ
∫ τ

0 E(t)dt = 12τ
∫ 2τ
τ

E(t)dt = 0. (59)

Thus, a recognized electric field pulse assuming (59) asthe corresponding alternating kicking field is impossible.Also, it is difficult to imagine the appropriate δ−shapedpulses at t = T2 and t = 3T2 if the maximum of the electricfield pulse is at t = T .
5. Conclusions
We have presented for study the problem of a H(1s) atomin a spherical box in a pulsed laser field with emphasison the ionization probability.The assumption of a spherical box with a radius a simpli-fies the problem. The boundary condition at a has as aconsequence discrete energy spectra of the atomic Hamil-tonian in both the negative and the positive parts. In thisway we are in the position to analyse completeness of theeigenfunctions of the atomic Hamiltonian and propose theapproximate closure relation (24). The unconfined wavefunctions are used in (24) as an additional approximationmaking the problem just dependent on a. Error is presentand we have done everything to estimate and minimize itas it shown in Sec. 3.The simple model alternating kicking field is taken intoconsideration. It is demonstrated that minimal error meansthat in essence we must remain in one-period dynamics.Then, the unusual dynamics of the alternating kicked fieldis suggested. It is based on recognition of the electric fieldin the time intervals [0,T], [0,2T], [0,3T], ... as the corre-sponding one-period alternating kicking field. Such kickdynamics implicate oscillations in the ionization probabil-ity with positive energy states included and participationof the excited states. We have termed these “generalizedRabi oscillations”.With respect to the current interest in this problem thequestion is how to find the corresponding real pulseswhich provide such oscillations. We hope that the an-swer is given in the proposed conditions which establishcorrespondence with the appropriate dynamics of the al-ternating kicked field.The approach is verified in Sec. 4 on the simplified ex-ample of a 1D hydrogen atom, and also calculating thepreviously known results for ionization probability.
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