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The morphological method—based on the topology and singularity theory and originally
developed for the analysis of the scattering experiments—was extended to be applicable
for the analysis of biological data. The usefulness of the topological viewpoint was
demonstrated by quantification of the changes in collagen fiber straightness in the
human colon mucosa (healthy mucosa, colorectal cancer, and uninvolved mucosa far
from cancer). This has been done by modeling the distribution of collagen segment angles
by the polymorphic beta-distribution. Its shapes were classified according to the number
and type of critical points. We found that biologically relevant shapes could be classified as
shapes without any preferable orientation (i.e. shapes without local extrema), transitional
forms (i.e. forms with one broad local maximum), and highly oriented forms (i.e. forms with
two minima at both ends and one very narrow maximum between them). Thus, changes in
the fiber organization were linked to themetamorphoses of the beta-distribution forms. The
obtained classification was used to define a new, shape-aware/based, measure of the
collagen straightness, which revealed a slight and moderate increase of the straightness in
mucosa samples taken 20 and 10 cm away from the tumor. The largest increase of
collagen straightness was found in samples of cancer tissue. Samples of healthy individuals
have a uniform distribution of beta-distribution forms.We found that this distribution has the
maximal information entropy. At 20 cm and 10 cm away from cancer, the transition forms
redistribute into unoriented and highly oriented forms. Closer to cancer the number of
unoriented forms decreases rapidly leaving only highly oriented forms present in the
samples of the cancer tissue, whose distribution has minimal information entropy. The
polarization of the distribution was followed by a significant increase in the number of quasi-
symmetrical forms in samples 20 cm away from cancer which decreases closer to cancer.
This work shows that the evolution of the distribution of the beta-distribution forms—an
abstract construction of the mind—follows the familiar laws of statistical mechanics.
Additionally, the polarization of the beta-distribution forms together with the described
change in the number of quasi-symmetrical forms, clearly visible in the parametric space of
the beta-distribution and very difficult to notice in the observable space, can be a useful
indicator of the early stages in the development of colorectal cancer.
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INTRODUCTION

Tumors are no longer considered an isolated population of cancer
cells. It is now known that cancer cells widely interact with a
surrounding environment and that these interactions are
numerous and multidirectional. The cancer cells are
interacting with a variety of tissue-resident cells, infiltrating
host cells, and extracellular matrix proteins, which all together
form the tumor microenvironment. These interactions between
cancer cells and all components of the tumor microenvironment
are influencing every step of tumor development, progression,
and tumor response to different therapy modalities [1,2].

Extracellular matrix (ECM) is a dynamic network comprised
of fibrous proteins and ground substance components. The most
abundant component of ECM is a network made of collagen
fibers, especially collagen type I. Both physical and chemical
properties of collagen fibers are sensed by cancer cells and host
cells from the tumor microenvironment and converted into
downstream cellular responses which influence cell
polarization, proliferation, migration, secretion, and survival
[3,4]. On the other hand, all cells within the tumor
microenvironment (including cancer cells), are involved in
collagen fibers remodeling. The profound remodeling of
collagen fibers (thus, change in synthesis, degradation, and
cross-linking) accompanies all stages of tumor progression [5].

Colorectal cancer (CRC) is the third leading cause of cancer
death in the world [6]. Like other solid tumors, CRC is a complex
heterocellular system, in which mutated epithelial cells are
constantly, from the very beginning, interacting with all
components of the tumor microenvironment, including
collagen fibers. In CRC, the remodeling of collagen fibers,
including increased deposition, cross-linking, alignment, and
straightness have been described [7]. The remodeling of
collagen fibers, resembling that in cancer, has also been
described in the uninvolved human colon mucosa, as far as
10 and 20 cm away from the CRC [8,9].

In the previous work, the identification of straight collagen
segments was based on curvelet and Fourier transforms [10,11].
Each identified segment is associated with a phasor of unit length
whose phase angle is equal to the angle between the
corresponding collagen segment and some predetermined axis.
The straightness of collagen fibers was expressed as the length of
the phasor sum divided by the number of segments [10,11]. In
simpler words, straightness is defined as a fraction of collagen
segments sharing the same orientation.

Although straightforward to implement, this approach is
unsatisfactory because any permutation of phasors will
produce the same sum but will correspond to a completely
different organization of collagen fibers. To elucidate further
mechanisms of collagen remodeling, with potential application
in CRC screening in mind, a new shape-aware method of
characterization of collagen fibers is needed.

It can be said that the primary task of any experimentalist is to
extract useful information out of the shape of the measured
signal. In some cases, like in measuring the length or thickness
of individual fiber, this task is straightforward and trivial.
However, it can be very difficult when one tries to quantify

the organization of the collagen fibers that form tissue. One of the
main reasons for this is the large variation of the possible forms,
that is, characteristic of any biological data. Because of this,
scientists are never truly certain whether their hypothesis is
merely a consequence of the statistical fluctuations and noise.

The standard approach to overcome this difficulty is to analyze
a very large data set, to cover all possible cases. This method was
successfully applied on numerous occasions and its validity is
guaranteed by the laws of large numbers. However, it is very time-
consuming, labor-intensive, and often challenging to implement.
Additionally, population sizes of large statistical ensembles in
biology and medicine are small compared to the sizes of statistical
ensembles used in mathematics and physics, where population
sizes of the Monte-Carlo simulations or the number of processed
events in the CERN experiments are measured in billions. As a
result, the standard approach requires the use of very advanced
statistical methods, tailored for moderate sizes of the sample
space, which can be also very difficult to implement.

Here we will investigate an alternative approach, inspired by
topology and singularity theory. Note that topologists are not
focused on one particular object, but on the whole family of
objects that can be obtained from the original one by scaling,
stretching, twisting, turning, or in general by applying certain
kinds of allowed transformations. They group all objects sharing
the same topological properties that are invariant on a specified set of
transformations, regardless of how pronounced these properties are.
In other words, topological classification should be highly immune/
resistant to disturbing effects such as noise or statistical fluctuations
since the exact shape of the object is not relevant at all.

A similar approach proved its usefulness in the scattering
theory where the existence of the rainbow effect forces regular,
abrupt metamorphoses (or in this case catastrophic changes [12])
of the angular distribution. The shape analysis was at the core of
the newly developedmorphological method [13], which was being
used for the determination of the proton-graphene interaction
potential and characterization of graphene samples [13,14].

It will be shown how to use the morphological method for the
classification of collagen fiber samples that allows easy
identification of the changes in its organization. Obtained
distribution of shapes will be analyzed from the standpoint of
the classical information theory. Determined classification will be
used to define a shape-aware measure of the straightness of
collagen fibers, which will be used to characterize collagen
fibers in the healthy colon, CRC, and uninvolved human colon
mucosa 10 and 20 cm away from the CRC. Finally, the obtained
result will be compared with the results of previous studies.
Although our focus is on collagen straightness, the presented
model can be simply extended for the analysis of other collagen
parameters such are fiber width, porosity, density, alignment, etc.

TABLE 1 | Demographic characteristics of patients included in the study.

Patients Number Age (years) Gender

Male Female

Cancer 10 72,5 5 5
Healthy 15 73,2 8 7
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THEORETICAL AND EXPERIMENTAL
METHODS

Tissue Samples
Tissue samples were obtained during diagnostic colonoscopy
at the Department of gastrointestinal endoscopy, University
Hospital Center “Dr. Dragiša Mišović-Dedinje”, Belgrade,
Serbia, as previously described [9]. Briefly, tissue samples
from the colorectal carcinoma, and tissue samples from
healthy-looking colon mucosa 10 and 20 cm away from the
carcinoma in the caudal direction, were obtained from
10 patients (Table 1). The diagnosis of colorectal
adenocarcinoma was confirmed by an experienced
pathologist. For all patients, it was a newly discovered
cancer, so they have not received any kind of treatment for
the malignant disease before.

Samples of colon mucosa of 15 healthy patients of the
corresponding age and gender (Table 1) were collected during
colonoscopy in the same institution. In this group of patients,
colonoscopy was indicated because of weight loss, rectal
bleeding, or refractory anemia. Only patients in which
colonoscopy didn’t show any pathological findings or
patients diagnosed with uncomplicated hemorrhoids were
included in the study. Patients with inflammatory bowel
disease, infections colitis, and diverticular disease of the
colon were excluded from the study. Our study was
approved by the Ethics Committee of University Hospital
Center “Dr. Dragiša Mišović-Dedinje”, Belgrade, Serbia (18/
10/2017). All methods were carried out in the accordance with
relevant guidelines and regulations.

Second-Harmonic Imaging of Collagen
Fibers in Colon Tissue Samples
For the second harmonic imaging of collagen fibers in the label-
free colon tissue samples, an original lab frame nonlinear laser-
scanning microscopy (NLM) was used as previously described in
[9,15,16]. In brief, the tunable mode-locked Ti: sapphire laser
(Coherent’s MIRA900) has been the source of the infrared
femtosecond pulses. The laser light was directed onto the
sample by a short-pass dichroic mirror (having a cut-off
wavelength of 700 nm) and collected by the objective lens
(Zeiss’s EC Plan-Neofluar 40 × /1.3 NA Oil DIC M27). The
laser wavelength was set to 840 nm. The second harmonic
generation (SHG) was detected in the back-reflection arm, and
recorded by the active-pixel CMOS-sensor camera (Canon, EOS
50D). The narrow bandpass filter at 420 nm (Thorlabs’s FB420-
10, FWHM 10 nm) blocks the scattered laser light and
autofluorescence and passes only the second harmonic at
420 nm. The average laser power on the sample was 30 mW.
The pulse duration (160 fs) and repetition rate (76 MHz) sets the
peak laser power to be 2.5 kW.

Manual Segmentation of Collagen Fibers
On each SHG image three regions of interest (ROIs) with size
350 × 350 px were cropped. Each ROI was located near crypts and
contained collagen fibers. To characterize the straightness of
collagen fibers in ROIs, the following method was developed:
On each image, the collagen fibers were identified by a
histopathologist. Each fiber was additionally split into smaller
segments and the relative frequency of its orientation with respect
to the positive x-axis ware determined. In the final step, obtained
distribution of the orientation angles was fitted by the appropriate
statistical model.

Elements of the Singularity Theory
Let us consider a family of continuous, differentiable functions
where each member is a mapRn → R, that is parameterized bym
continuous parameters. This family can be represented by a single
continuous differentiable function

F(x1, x2, . . . , xn; c1, c2, . . . , cm), (1)
where maps Rn+m → R. In the singularity theory variables
x1, . . . , xn ∈ R, are called state variables, c1, . . . , cm ∈ R system
parameters, while numbers n and m are known as corank and
codimension, respectively [17]. The critical points of the family
are points satisfying the following system of equations

zxiF(x1, . . .xn; c1, . . . , cm) � 0, for 1≤ i≤ n, (2)
while the degenerate critical points are critical points that
additionally satisfy the following equation

det[z2xixjF(x1, . . . , xn; c1, . . . , cm)] � 0, for 1≤ i, j≤ n, (3)

here [z2xixjF] stands for the matrix of the second derivatives,
i.e., for the Hessian matrix of the function F.

The singularity theory studies the behavior of the function
family in the vicinity of its critical points and classifies
members of the function family into structurally stable
equivalence classes [12,17]. In simple words, the catastrophe
theory lists inequivalent ways how a variation of the system
parameters changes the number and type of the family
member’s critical points. The critical values of the
parameters, for which redistribution occur, partition the
parametric space into equivalence classes according to the
number of the critical points the corresponding family
members have.

If system dynamics force parameters of a certain family
member to cross the boundary of its equivalence class and to
enter into a subspace of another equivalence class, then that
function undergoes the significant transformation that is called
the metamorphose, or in V. I. Arnol’d’s term perestroika [17].
Metamorphose is a more general term that includes bifurcations
of the degenerate critical points and induction of unrelated
isolated singularities.
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Elements of the Multivariate Statistics
Let, p1 � (x1, y1), . . . , pN � (xN, yN) be arbitrary points in the
plane. The center of the sampled data points is given by the
arithmetic mean

μ � (μx, μy) � 1
N

∑N
i�1
pi. (4)

The unbiased covariance matrix of the sampled points is a matrix
composed of the mean values of the products of marginal
deviations of respective data points from its mean values, with
Bassel’s correction

Σ � 1
N − 1

∑N
i�1
⎡⎣ (xi − μx)(xi − μx) (xi − μx)(yi − μy)(yi − μy)(yi − μy) (yi − μy)(yi − μy) ⎤⎦ (5)

The characteristic ellipse of the data point distribution is given by
the equation

(p − μ)T · 1
2
Σ−1 · (p − μ) � 1. (6)

When the distribution of data is bivariate Normal, the
characteristic ellipse encloses 63.21% of the data points. In the
general case, the percentage of the enclosed data points can be
different. Nevertheless, it represents a convenient measure of the
spread of the data points.

The Beta-Distribution
The probability density function of the beta-distribution is given
by the following expression [18].

f(φ; α, β) � 1
2πB(α, β) ( φ

2π
)α−1(1 − φ

2π
)β−1

, α, β≥ 0. (7)

The sample space of the state variable is φ ∈ [0, 2π], α and β are
shape parameters, while B(α, β) stands for the beta-function [19]
and represents the normalization factor. The first and the second
statistical moments of this distribution are

�φ � ∫2π
0

φf(φ; α, β)dφ � 2πα
α + β

; σ2
φ � ∫2π

0

φ2f(φ; α, β)dφ − �φ2

� 4π2αβ(α + β)2(α + β + 1). (8)

From the singularity theory perspective, Eq. 7 defines the
corank-one, codimension-two function family with the state
variable φ, and parameters α and β which maps [0, 2π] → R+.
It will turn our advantageous to treat the f(φ; α, β) as a family of
plane curves. In that case, the criticality condition simplifies to

zφ f(φ; α, β) � 0, or zφ f(φ; α, β) � ∞. (9)
In other words, critical points of curve f are points where the

graph has a vertical or horizontal tangent. To distinguish between
them we will call solutions of the equation zφ f � 0 the horizontal
critical point, while solutions of the equation zφ f � ∞ will be

called vertical critical points. Depending on the sign of the zφ f
vertical critical point, the function f can be ascending or
descending. Horizontal critical points are further classified as
minima or maxima.

The partial derivative of the function f can be evaluated
analytically and is given by the following expression

zφ f(φ; α, β) � 1

(2π)2B(α, β) ( φ

2π
)α−2(1 − φ

2π
)β−2[(α − 1)

− (α + β − 2) φ

2π
].

(10)
Members of the family can have none, one, two, or three critical
points. The two out of three possible critical points are the boundary
points φ � 0 and φ � 2π exist for α ≠ 1, and β ≠ 1. The third φ �
2π(α − 1)/(α + β − 2) exists only if parameters satisfy the
constrains α≥ 1, 1≤ β, α + β> 2, and α≤ 1, 1≥ β, α + β< 2. The
second partial derivative of the function f

z2φf(φ;α, β)� ( φ
2π)α−3(1− φ

2π)β−3
(2π)3B(α, β)(α+β−2)2{[(α−1)−(α+β−2) φ2π]

2

−(α−1)(β−1)
α+β−3 },

(11)
shows that only boundary points φ � 0 and φ � 2π can be double
degenerate critical points. In addition, family members can have
at most two inflection points, and there can’t be degenerate
critical points of the higher-order.

RESULTS

When excited by a strong external electric field, the second
harmonic generation happens only in materials for which a
microscopic polarization field, generated by the local response
of the material’s microscopic constituents called harmonophores,
averaged over all their positions and orientations produces
anisotropic macroscopic polarization. In the case of collagen,
the second-harmonic response originates in slight charge
asymmetry between C=O and N-H groups, acting as a slight
electron donor and acceptor, respectively, that favors oscillations
of delocalized bond electrons along the collagen’s backbone
[20,21]. Since second harmonic generation happens coherently,
an additional amplification of the effect occurs when all
harmonophores are mutually aligned, as is the case for the
harmonophores embedded in the rigid and compact collagen
triple helix [19,21].

Figure 1 shows second-harmonic generation images of a
human colon sample of a healthy mucosa (Figure 1A), colon
mucosa taken 10 cm away from cancer (Figure 1B), and colon
cancer sample (Figure 1C). In all examined cases, the distribution
of the light intensity is dominantly determined by the density of
collagen harmonophores coherently excited by the incoming
laser beam. All other sources of second-harmonic interfere
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destructively, producing small randomly fluctuating components
of the measured light intensity. Thus, regions of the high intensity
show a projection of the collagen network, located in the volume
excited by the laser light, onto the image plane. As we have
previously described [9] in the healthy colon mucosa collagen
fibers are wavy, thin, and spreading in all directions throughout
the lamina propria, around the crypts (Figure 1A). In the cancer
tissue (Figure 1C) collagen fibers are thick and straight. The
colon tissue samples 10 cm away from the cancer are somewhere
in between, they contain regions resembling a healthy colon, but
focally, straight, well-aligned collagen fiber could be observed
(Figure 1B).

Each recorded image was inspected and collagen fibers were
identified by an eye of the experienced histopathologist (Z.
Despotović) using judgment, training, and experience. An
example of the application of the already described manual
segmentation procedure will be shown in the case of the
image shown in Figure 1B.

Figure 2A shows the selected ROI selected in the second
harmonic image of the colon mucosa sample taken 10 cm away

from cancer (code name J10cm 4–2). The regions of high
intensity (sufficiently above the random threshold) were only
examined and the ridge-likemaxima were identified. When there
is no overlap between ridges, their route can be identified with the
projection of the individual collagen fiber. In the case of the
overlap between ridge-maxima, such identification is not unique
because of multiple possibilities to connect collagen segments. To
resolve the described ambiguity, the principle of the minimal
curvature was established which states that correct linkage
produces collagen fibers of minimal curvature.

On the backbone of each identified fiber, several control points
were selected sufficient for fitting the fiber by a cubic-spline plane
curve. Obtained collection of the control points and associated
family of plane curves are shown in Figure 2B by the black
squares and red lines, respectively. In the next step, each collagen
fiber was subdivided into a large number of small segments of
equal length and the relative frequency of angle φ measuring the
angle between each spline segment and the positive x-axis was
determined. The adopted resolution of the angular space was set
to be 1 deg.

FIGURE 1 | (color online) The enlarged views of the recorded intensity distribution of second-harmonic light of (A) a healthy control sample (code nameK54S 5–1);
(B) a sample taken 10 cm away from cancer (code name J10cm 4–2); (C) sample of cancer tissue (code name JTU 2–2).

FIGURE 2 | (color online) (A) An image of the human colon mucosa 10 cm away from the tumor, code name J10cm 4-2, recorded by the non-linear second
harmonic microscopy. (B) Black squares show the characteristic points of the identified collagen fibers. Red lines represent the cubic-spline fit of the characteristic
points. (C) A relative frequency of the angles between a small segment of the collagen fiber and x axis. (D) The red line shows the optimal fit of the relative frequencies
(blue points) with the beta-distribution.
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The resulting distribution is shown in Figure 2C. Note that the
reference direction for measuring angles was chosen arbitrarily.
Any other choice of the reference direction, that is for example at
an angle of θ with respect to the positive x-axis, induces the
circular shift of the distribution from Figure 2C by an angle θ.
This means that the domain of the angular variable φ is a circle
and not a line. In the final step, obtained histograms were fitted
with the beta-distribution given by Eq. 7, which is defined on the
interval [0, 2π]. To take into account the periodic boundary
conditions of the obtained distributions, the fitting of the beta-
distribution was performed for all 360 different values of the
circular shift, out of which those values of the beta-function
parameters α and β were selected that correspond to the highest
value of the goodness of the fit. In the case of the distribution
shown in Figure 2C, the optimal fit is shown in Figure 2D. The
optimal value of the circular shift was found to be θ � 19.6 deg,
which correspond to the parameters of the beta-distribution α �
4.15 and β � 9.57. The distribution in Figure 2D has one large
maximum at approximately π/4 , corresponding to the most
probable orientation of the collagen fiber segments from
Figure 2B.

Applying the same procedure to all samples of the collagen
fibers gives the distribution of the beta-distribution parameters
shown in Figure 3. For better clarity, parameters of the beta-
distribution are given in the logarithmic scale. Obtained data
points occupy the rectangle in the parametric space whose lower
left vertex is the coordinate origin, while its upper right vertex is
the point (α � 37.4, β � 57.0). The blue circles correspond to the
colon mucosa samples in the healthy individuals, red squares

correspond to CRC samples, while magenta and cyan diamonds
correspond to tissue samples taken 10 cm (magenta) and 20 cm
(cyan) away from cancer. The red data points (representing CRC
samples) are located in an area far from the coordinate origin. On
the contrary, most of the blue data points (healthy colon mucosa)
are located in the region near the coordinate origin. The cyan and
magenta data points (mucosa 20 and 10 cm away from cancer,
respectively) have a wide distribution. Note that the distribution
of cyan data points overlaps more with the distribution of the blue
data points, while the distribution of magenta data points
overlaps more with the distribution of the red data points. It
could be said that distributions of cyan and magenta points
capture the transition of collagen patterns from the healthy
colon mucosa to the collagen patterns corresponding to the
CRC. This result was expected and is in good agreement with
previous findings [8,9].

DISCUSSION

The Shape Analysis
The straightforward approach for quantification of the fiber
straightness would be to use the standard deviation σφ of the
data from the mean value �φ, given in Eq. 8. The usefulness of
these parameters stems from the fact that they are well-defined
quantities that can be calculated for any kind of distribution.
However, in this case, their use would be misleading for the
following reasons. We have shown that the preferable
orientation of the fiber segments corresponds to the
maximum of the distribution and not to its mean value.
Note that for different values of parameters α and β, beta-
function does not necessarily have one maximum. The most
important reason is that unlike parameters of the distribution
α and β, the statistical moments �φ and σφ carry no information
about the shape of the distribution. For a completely
disordered sample, the distribution of the fiber segments
would be uniform. It is easy to show that in that case mean
value of the angle segment is �φ � π, and the standard deviation
is σφ � �

3
√

π/3. Obtained values are meaningless indications of
the fiber straightness since in the case of the uniform
distribution, there is no ordering of the segments at all.

Therefore, we have devised an alternative strategy that takes into
account the shape of the beta-distribution. We have performed a
detailed inspection of the beta-distribution parametric space to try
to classify the corresponding members of the function family given
in Eq. 7 according to the number and type of critical points.
Figure 4 shows obtained partition of the relevant parametric
subspace into desired equivalence classes. Note that beta-
distribution is invariant to the simultaneous substitution α → β
and φ/2π → (1 − φ⁄ 2π). Therefore, the shapes of the family
members corresponding to points (α, β) and (β, α) are mutually
symmetric under the transformation φ/2π → (1 − φ⁄2π). The line
α � β represents the bordering line splitting the parametric space
into shape equivalent halves. In addition, this line corresponds to
the symmetrical beta-distributions where the central critical point is
located at the φ � π.

FIGURE 3 | (color online) The scatter plot of beta-distribution
parameters. The blue circles correspond to the collagen fibers from the
samples of the healthy colon mucosa. The cyan and magenta diamonds
correspond to the samples taken 20 and 10 cm from the colorectal
adenocarcinoma. The red squares correspond to the collagen fibers from the
samples of colorectal cancer tissue.
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Equation 10 shows that for 0< α< 1, regardless of the value of
the parameter β, family members have descending vertical critical
point at φ � 0, becomes ascending for 1< α< 2. For α> 2
ascending vertical critical point at φ � 0 transforms into
ascending horizontal critical point. Because of the symmetry,
the equivalent conclusion holds for the variation parameter β and
boundary critical point at φ � 2π.

Blue lines, labeled as a and a′ in Figure 4, show the
characteristic line α � 1, and its symmetrical image β � 1. In
this subspace, beta-distribution is proportional to the simple
power function. At their intersection is point (1, 1) labeled A
in Figure 4which corresponds to the constant function 1/2π. Red
lines labeled b and b′ in Figure 4 shows another pair of the
mutually symmetric lines α � 2, and β � 2. In the intersection of
lines a and b′ is the point (1, 2), labeled B in Figure 4, for which
function f is proportional to the linear function. Points A, B, and
B′ are the only points in the parametric space free from the critical
points.

These four semi-lines divide parametric space into nine
rectangular areas labeled I, II, . . . , IX. In the region I
function f has a descending vertical critical point at φ � 0, a
horizontal critical point (minimum), and ascending vertical
critical point at φ � 2π, while in the region IX ascending
vertical critical point at φ � 0, descending vertical critical point
at φ � 2π, and maximum. In region II, function f has two
descending vertical critical points at φ � 0, and φ � 2π, and
one inflection point. In the region III, function f has

descending vertical critical point at φ � 0, minimum at φ � 2π,
and one inflection point. In the region IV, function f has
ascending vertical critical point at φ � 0, a maximum, and a
minimum at φ � 2π, while in region V there are two minima at
φ � 0, 2π, one maximum, and two inflection points. The shape of
the function f for parameters in regions VI, VII, and VIII is a
symmetrical image of its shape for parameters in regions II, III,
and IV.

Note that even infinitesimal changes of parameters
(1, 1) → (1 + ϵ, 1 + ϵ) that correspond to the transition from
the point A to the region IX, induces instantly three critical
points at φ � 0, π, 2π, that are not formed by the splitting of the
degenerate critical point. All other metamorphoses of the beta-
distribution behave in the same manner and are of the
induction type.

It should be said that singularities of the beta-distribution do
not have biological relevance. They are mathematical artifacts of
the beta-distribution introduced by our desire for the simplest
normalizable polymorphic function family. Singular peaks do not
exist in any finite segmentation of fibers, nor in our data. When
inspected closely almost all samples whose parameters belong to
regions I, II, III, VII, and VIII, it is very difficult to spot any
particular preferable orientation of the collagen fibers. Therefore,
the preferable orientation exists for beta-distribution parameters
belonging to the regions IV, V, VI, and IX, where the beta-
distribution has a single maximum. A useful measure for the level
of the straightness, in this case, would be full-width-at-half-

FIGURE 4 | (color online) The shape diagram of the beta-distribution. Insets labeled by Roman numerals I-IX show the shape of the beta-distribution for parameters
from the corresponding subspaces labeled by the same symbol. The characteristic lines a, a′, and b, b′ are shown by the blue and red lines, respectively. Points A, B, B′,
correspond to the parameter values for which function f is proportional to the constant, and linear functions, respectively. Horizontal critical points of the function f were
indicated by symbols ▲ and▼, while ascending and descending vertical critical points were denoted by symbols ► and ◄.
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maximum (FWHM) which is a well-defined quantity for finite
maxima and undefined for the singular maxima of the
distribution. The full-width-at-half-maximum is determined by
the solutions of the equation

1
2
f(φm; α, β) � f(φm + δφ; α, β), (12)

where φm � 2π(α − 1)/(α + β − 2) is a position of the maximum,
and δφ is a deviation from the maximum for which its amplitude
reduces by half. This equation has two real solutions (δφ)1 and
(δφ)2, where it is by convention (δφ)2 ≥ (δφ)1. The full-width-at-
half-maximum Δφ of the maximum at φm is given by the
difference Δφ � (δφ)2 − (δφ)1. By algebraic transformations, it
is possible to transform Eq. 12 into the following form

1
2
� (1 + δφ

φm

)α−1(1 − δφ

2π − φm

)β−1
. (13)

that is a transcendental equation without closed-form solutions.
However, for small δφ, equivalently for large α and β, FWHM is
given by the expression

Δφ �
4π

���������������
(α − 1)(β − 1) ln 2√
(α + β − 2)3/2 . (14)

Therefore, for distribution parameters farther from the coordinate
origin, the maximum of the distribution becomes narrower.

Note that the parameter Δφ can have any value from the
interval [0, 2π]. The value Δφ � 0 corresponds to the maximally
possible level of straightness where all collagen segments have the
same orientation, which is achievable for α, β → ∞. Value Δφ �
2π is obtainable for (α, β) � (1, 1) and corresponds to no
ordering at all since all possible orientation angles are equally
represented. Parameter Δφ correctly quantifies the level of
straightness, however, its scale is inverted. Therefore, we will
introduce an equivalent more intuitive measure of the
straightness labeled s and defined by the following equation

s � 1 − Δφ
2π

. (15)

Parameter s, named self-alignment parameter, depends linearly
on Δφ, thus it does not distort information contained in it, while it
achieves the desired scale inversion. Thus, s � 0 corresponds to no

FIGURE 5 | (color online) (A) The scatter-plot of the irreducible beta-distribution parameters. (B) The characteristic ellipses of the healthy samples, samples were
taken 20 and 10 cm from the cancer tissue, and samples of cancer tissue are shown by blue, cyan, magenta, and red lines, respectively. Parts of the curves outside the
irreducible sample space were ignored. The shape distribution of (C) the healthy samples, (D) and (E) samples taken 20 and 10 cm far from the cancer tissue, and (F)
samples of the cancer tissues. The relative frequency of the forms is shown by the different tones of the red color, according to the show colorbar.
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alignment at all, while s � 1 corresponds to the maximal level of
alignment where all collagen segments are parallel.

Now we will perform the analysis of shapes for the family of
beta-distributions shown in Figure 3. To analyze only different
shapes all data points that are located below the symmetry line
α � β were substituted by their symmetrical images obtained by
the transformation (α, β) → (β, α). Figure 5A shows obtained
distribution of inequivalent parameters of the beta-distribution.
For better visibility parameters of the beta-distribution are again
shown in the logarithmic scale.

Centers of the distributions of the blue, cyan, magenta, and red
data points are points μb � (2.47, 5.54), μc � (3.44, 5.87),
μm � (2.55, 5.94), and μr � (4.67, 17.30), respectively. In the
statistics, these points are understood as the most probable
parameters of their corresponding beta-distributions.
Therefore, we can say that the typical beta-distribution of each
class has parameters μb, μc, μm, and μr, respectively. They all
belong to the region V, where corresponding beta-distributions
have one maximum. The respective widths of these maxima are
Δφb � 2.4777, Δφc � 2.4716, Δφm � 2.3714, and Δφr � 1.2709,
while their self-alignment parameters are sb � 0.6057,
sc � 0.6066, sc � 0.6226, and sr � 0.7977.

Note that the typical straightness of the cyan data points
(mucosa 20 cm away from the CRC) is only 0.16% larger than the
typical straightness of the blue data points (healthy mucosa). The
typical straightness of the magenta data points (mucosa 10 cm
away from the CRC) is larger by 2.80% than the corresponding
typical straightness of the healthy colon mucosa, whereas the
typical straightness of the red data points (the CRC mucosa) is
larger by 31.71%. Examination of their typical representatives
implies that the distribution of cyan data points is more similar to
the distribution of blue data points, whereas the distribution of
magenta data points is more similar to the distribution of red data
points. These findings are again in good agreement with previous
findings [8,9].

Now we shall compare the sensitivity of the newly introduced
procedure for measuring collagen straightness with the standard
approach implemented in the software CT-FIRE used in the
previous study [9]. Sensitivity of measurement quantifies the
ability of the measuring apparatus, or measuring procedure, to
amplify the detected signal and produce larger output. In technical
terms, sensitivity is defined as a ratio of the output of themeasuring
apparatus and the corresponding measured input [22]. The direct
application of the definition is impossible in this case since the
input to both procedures are images of the collagen samples and
outputs are numbers obtained by computation. Moreover, the new
procedure determines the FWHM of the beta-distribution peak,
while the standard measure gives a fraction of fiber segments
sharing the common orientation.

However, if the straightness of the healthy samples is taken as a
reference point it is possible to compare the relative sensitivities of
both procedures since considered collagen samples 10 and 20 cm
away from CRC, and healthy controls are the same as in [9]. The
procedure which produces a larger relative change in the output
has greater sensitivity. To have the test of maximal fairness we
shall compare the relative sensitivity of the parameter s with CT-
FIRE’s straightness parameter because both of them have the

same range. Note that the relative sensitivity of the parameter Δφ
is exactly 2π/Δφb − 1 ≈ 1.54 times larger.

In the case of the samples of colon mucosa 20 cm away from
CRC relative variation of the s parameter is 0.16% while a relative
variation of the parameter Δφ is 0.25%. The corresponding
relative variation of the CT-FIRE’s straightness parameter was
reported to be approximately 0.5% [9]. Thus, its sensitivity is
larger than the relative sensitivity of the parameter s, while it is
comparable to the relative sensitivity of the parameter Δφ. In the
case of samples of colon mucosa 10 cm away from CRC relative
variations of parameters s and Δφ were 2.80% and 4.29%,
respectively. Both of them are considerably larger than the
relative variation of CT-FIRE’s straightness parameter which
was reported to be approximately 2% [9]. Therefore, the
relative sensitivity of the new procedure is greater than the
sensitivity of the standard procedure.

Whenever dealing with average values it is necessary to
establish how typical these values are. To do so, we have used
mean values μb, μc, μm, and μr to calculate covariance matrices of
blue, cyan, magenta, and red data points.

Σb � [ 7.81 15.80
15.80 41.13

], Σc � [ 14.20 17.89
17.89 30.56

]
Σm � [ 6.21 11.88

11.88 37.07
], andΣr � [ 9.47 16.90

16.90 149.57
],

and plotted corresponding blue, cyan, magenta, and red
characteristic ellipses in Figure 5B. Note that in the definition
of the characteristic ellipse it is assumed that sample space is an
entire plane. In our case, the irreducible space of the semi-infinite
and is bounded by the conditions α, β≥ 0, and β≥ α. Therefore,
parts of the characteristic ellipses below the lines α � β, β � 0, and
to the left of the line α � 0 should be ignored.

Interestingly blue, cyan, and magenta ellipses have approximately
the same area, while the red ellipse is considerably larger. It has been
found that the blue ellipse contains 83.33% of blue data points, the
cyan and magenta ellipses contain 72.73% and 90.62% of their
respective data points, while the red ellipse encloses 74.07% of the
red data points. Therefore, averages μb, μc, μm, and μr are excellent
representatives of their respective data. Figure 5B also shows the
centers of the ellipses (mean values μb, μc, μm, and μr labeled by blue
circle, cyan andmagenta diamonds, and red square), and lines joining
the center ellipse with its vertex corresponding to the major semi-axes
of the ellipse. Note that if an angle between the ellipse’s major axis and
the symmetry line α � β is small then the abundance of the quasi-
symmetric forms (i.e., forms whose α and β parameters are very close
to the symmetry line α � β, and whose central crytical point is very
close to π) is large. It has been found that angles between major semi-
axes of the blue, cyan,magenta, and red ellipses and the symmetry axis
are: θb � 67.87°, θc � 56.91°, θm � 71.22°, and θr � 80.75°,
respectively. Moving closer to CRC, the number of the quasi-
symmetrical forms increases at first and then starts decreasing
steadily. Therefore, the described initial increase of quasi-
symmetrical forms can be an indicator of an early stadium of
CRC development.

All ellipses cover regions I to IX, however, the distribution of
the points inside them is very different. The distribution of beta-
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distribution forms corresponding to the healthy colon mucosa is
shown in Figure 5C. Note that forms without preferable direction
(whose parameters belong to the regions I, to III) are almost equally
represented as the transitional forms (whose parameters belong to
regions IX, and IV), or forms with very pronounced preferable
orientation (whose parameters belong to the regionV). Distributions
of the beta-distribution forms, corresponding to samples of the colon
mucosa taken 10 and 20 cm away from the CRC, are shown in
Figures 5D,E, respectively. In both cases the number of data points in
the region IX is negligible (that corresponds to transitional forms of
lower straightness). These points are redistributed into regions I, IV,
and especially region V which corresponds to beta-distributions
having very narrow central maximum (or equivalently to collagen
samples of very high straightness). In the case of the cancer tissue,
parameters of the beta-distribution almost exclusively belong to the
highly oriented transitional form IV and highly oriented forms V.
According to Figures 5A,B the level of the straightness of these forms
is considerably larger than the straightness of the forms determined
by the distribution of the blue, cyan, or magenta data points.

Collagen fibers are themost abundant component of extracellular
matrix. Their biochemical and biomechanical properties influence
all crucial processes in the tissues (morphogenesis, angiogenesis,
cell’s migration, proliferation, differentiation, and polarization) both
in the health and disease [23].

It has been shown that cancer can induce changes in both
biochemical and biomechanical properties of collagen fibers by
different mechanisms: changes in production in enzymes which
cross-link collagen fibers, like LOX, changes in synthesis and
degradation of collagen fibers (via changes in number and activity
of fibroblasts, myofibroblasts, and enzymes responsible from
degradation of collagen fibers-matrix metalloproteinases) and by
inducing biomechanical changes in the tumor microenvironment
[7,9,23,24]. On the other hand, all cells, both cancer cells and host
cells from the tumor microenvironment can sense these changes in
collagen fibers and respond to them. It has been shown inmany types
of cancer that changes in collagen synthesis and degradation and
collagen fibers remodeling, create a specific tumormicroenvironment
that promote tumor progression by influencing cell polarity, cell
adhesions, and cell migration. In cancer, so-called “linearization” of
collagen fibers has been described as an important parameter, with a
significant impact of on tumor cell behavior-migration, proliferation
and cell differentiation, and thus the ability of tumor cells to locally
spread and form distant metastasis [23].

We have shown increase in straightness (increase in strongly
oriented forms) in the cancer tissue, but, we have also shown increase
in oriented forms in the healthy-looking tissue, far from the cancer.
There are at least two explanations why we could expect changes this
far from the cancer-systemic effects of tumor and filed carcinogenesis
effect. It is known and believed that from the very early stages, tumor
cells secrete growth factors, chemokines and cytokineswhich not only
induce changes in the local environment, but acts on distant tissues,
so from the very beginning tumors should be considered as a systemic
disease [25]. On the other hand, according to field carcinogenesis
theory, carcinogens act on the entire length of organ inducing a large
altered field-filed of injury, and on this altered filed additional
stochastic events could give rise to cancers [26]. Whatever the
mechanism behind this changes in collagen fibers straightness is,

we wanted a mathematical method that could detect and describe
them, not only in cancer tissue, but also far from the cancer. The
ability to detect them will be a good starting point in future studies to
further characterize changes in collagen fibers, and investigate all the
causes and consequences of these changes.

Observed behavior has also a simple interpretation in the
terms of classical information theory and statistical mechanics
where equal distribution of micro-states is associated with a long-
lasting stable state, also known as thermodynamics equilibrium
[27–29]. This state is special since for it the information entropy,
defined by the weighted sum over the micro-states probabilities
pi (i � 1, . . . , N)

S � −∑N
i�1
pi logpi, (16)

is maximal [27–29]. Therefore, it is no surprise that equal
distribution of forms corresponding to the blue data appoints
is associated with the state of health, and has maximal detected
information entropy Sb � 1.3993. Closer to the CRC, our data
reveal a disturbance of the equilibrium state happening in two
stages. In the first stage (at 20 and 10 cm away from the CRC)
transitional forms of low straightness disappear producing states
of lower entropies Sc � 1.1796 and Sm � 1.1873, respectively.
Note that Sc < Sm because the distribution of cyan data points
has a larger number of quasi-symmetrical forms. In the final stage
(very close to and in CRC itself) unoriented forms disappear and
we are left with the distribution dominated by the highly oriented
forms of very large straightness. By definition, this state
corresponds to a state very far from the statistical equilibrium
and has minimal observed information entropy Sr � 0.8403.
Thus, observed polarization of the distribution of the beta-
distribution forms happening at 10 cm 20 cm away from CRC
can be another indicator of the early development of the CRC.

CONCLUSION

Increased straightness of collagen fibers has been detected in
many cancers, including CRC [30–32]. It is believed that cancer
cells use these linearized collagen fibers as “highways” for
migration towards blood and lymphatic vessels [30,31,33].

To enhance our understanding of these processes we have
modified the morphological method from condensed matter physics
to be applicable for modeling biological data. To prove the usefulness
of this topological viewpoint we have analyzed changes in the
straightness of collagen fibers in the colon mucosa caused by the
presence of the CRC. This was achieved by modeling the
experimentally observed distribution of the collagen segment
angles (in healthy colon mucosa, in mucosas taken 10 and 20 cm
away from the CRC, and mucosa samples from CRC itself) by the
polymorphic beta-distribution depending on two parameters. The
parametric space of the beta-distribution was partitioned into
subspaces according to the number and type of critical points of
the beta-distribution. Each transition between subspaces, called
metamorphoses, is abrupt and happens for the infinitesimal
change of the critical values of parameters. Therefore, changes in
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the organization of the collagen fibers and their biological function
were linked to the metamorphoses of the beta-distribution shapes. It
should be stressed that described correspondence is a general feature
of all topological models and it is by no means confined to modeling
collagen orientation alone.

To give a biological interpretation of obtained mathematical
classification, we have grouped the inequivalent shapes of the
beta-distribution into three groups. The first group is formed by
shapes without the local maximum, therefore without preferable
orientation. The second group is formed by shapes with one less
pronounced local maximum and at least one vertical critical
point, called the transitional forms. The third group is formed by
forms with pronounced local maximum and two inflection points
that possess clear preferable orientation.

It has been found that samples of healthy colonmucosa contain an
approximately equal amount of unoriented, transitional, and oriented
forms of collagen fibers. Observed equal abundance of shapes is in
perfect analogy with uniform distribution of microstates of the
complex physical system necessary for the establishment of the
thermodynamics equilibrium also known as a state of maximal
entropy. In samples taken 10 and 20 cm away from CRC, the
equilibrium distribution of forms is disturbed by the redistribution
of less pronounced transitional forms increasing the fraction of
unoriented and highly oriented forms. In the case of the mucosa
samples taken from CRC, the distribution of forms is dominated by
strongly oriented forms, corresponding to the thermodynamical state
of low entropy, far from the equilibrium. We have also noticed the
increase in the number of quasi-symmetrical forms in samples 10 cm
away from CRC, while its number decreases steadily closer to CRC.

Our findings suggest that the abstract distribution of beta-
distribution shapes follows the fundamental law of statistical
mechanics, requiring that establishment of the long-lasting
equilibrium is inextricably linked to the maximization of entropy.
The described polarization of the distribution of beta-distribution
forms, togetherwith the evolution of the number of quasi-symmetrical
forms can be an indicator of the early stage of CRC development.

We have introduced the shape-aware measure of collagen fiber
straightness. The average straightness wasmeasured by the FWHMof
the pronounced maximum Δφ (ranging from 0 up to 2π), which was
rescaled to define a more intuitive mutual alignment parameter s
ranging from 0 (for uniform distribution of the segment orientations),
up to 1 (achievable when all collagen segments are parallel).
Compared to the average straightness of collagen fibers in
uninvolved colon mucosa, we have detected an increase of 0.16%
and 2.80%of the parameter s in colonmucosa 20 cm, and 10 cm away
fromCRC, generated by the corresponding decrease ofΔφ parameters
of 0.25% and 4.29%, respectively. The mutual-alignment parameter s
of the CRC samples is larger by 31.71% than the corresponding
straightness of fibers in the uninvolved colon mucosa, which
corresponds to the variation of the Δφ parameters of 48.71%.

In the previous work [9] we have used CT-FIRE, an open-
source software package [10,11,34] for automatic extraction and
analysis of collagen fibers. We have shown a statistically
significant increase in collagen fiber straightness in the colon
mucosa 10 and 20 cm away from cancer in comparison with
collagen fibers in healthy mucosa. Using a novel approach, we
have confirmed all findings of the previous study [9]. This study

goes one step further by providing explicit criteria for detecting
the changes in collagen fiber organization by the shape analysis of
the corresponding beta distribution.

It should be said that the presented method is not ideal. Far
fromCRC relative sensitivity of the newly introduced straightness
parameter s is smaller than the relative sensitivity of the
straightness parameter given by the CT-FIRE software, while
the relative sensitivity of the parameter Δφ is comparable to it.
Closer to CRC relative sensitivity of newly introduced
straightness measures becomes superior. This means that the
linearity of the parameter s is not uniform in the whole range [22].

There could be two possible explanations for this behavior.
Our main goal was to show that the morphological method could
be applied to a different type of biological data, so that the
number of considered samples was relatively small. However,
we are quite confident that analysis of the larger sample space will
confirm all stated conclusions and improve the sensitivity and
linearity of the proposed method. Another weakness was the
manual segmentation of collagen fibers because it is time-
consuming and subjective. It was done by an experienced
histopathologist, but only collagen fibers clearly visible and
possible to follow on the examined images were analyzed. So,
some fibers from the image were omitted.

In future work, we would like to improve and automatize
collagen fibers segmentation and extend the sample size and
number of analyzed parameters.
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